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Abstract 

We prove inequalities relating the degrees of holomorphic distributions and 
of holomorphic foliations forming a flag on P™ . 

1 Introduction 

In this paper we consider flags of distributions and of foliations on complex pro- 
jective spaces and deduce inequalities relating their degrees. 

Before stating the results we recall that a holomorphic distribution, or a Pf&ff 
equation, on a complex manifold M, is defined by a holomorphic line bundle C 
on M and a nontrivial global section u € H°(M, £l p M ® £), where $l p M is the sheaf 
of holomorphic p- forms on M. The number p, 1 < p < n — 1, is the codimension 
of the distribution, where n = dimM. A holomorphic foliation is obtained by 
imposing the integrability condition to a distribution and, this being the case, the 
line bundle C corresponds to the determinant bundle of the rank p normal sheaf 
of the foliation. 

To a distribution on P n , and hence to a foliation, we can associate a nonnegative 
integer, its degree, which is the degree of the variety formed by the points x £ L p , 
a fixed generic linear subspace of dimension p, at which the (n — p)-plane of the 
distribution, passing through the point x, is not in general position with respect 
to this subspace. Also, by a flag of distributions, & := (Vj 1 , Vj 2 , . . . , T>j m ) , we 
mean a collection of distributions of dimensions 1 < ji < ji < ■ ■ ■ < j m < n such 
that, at each point x where the distributions are regular, Dj r X C D j g X whenever 
r < s. All these notions are explained in Section [2j 

The results are 

Theorem 1.1. Let Si := (T,G) be a flag of holomorphic distributions on¥ n , with 
codim(^) = 1. Then the following holds: 
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(i) // Sing((7) is isolated and dim(^) = 1, then deg(<7) < deg(J r ) — 1. 

(ii) Suppose dim(J r ) = A; and codim(Sing(£7)) > n — k + 1. If i/te tangent sheaf 
T of T is split, then deg((?) < deg(J-~). 

The proofs of (i) and (ii) use different arguments. However, when k = 1, the 
bound in (i) appears to be slightly better than that in (ii) but, from the proof 
of (ii) it will be clear that the bound in (i) holds whenever T has non isolated 
singularities. 

Theorem 1.2. Let ^ := (F,Q) be a flag of reduced foliations on F n , n>3, with 
J 7 foliating Q. If dim(.F) = d\m.{Q) — l and Sing(£?) has a Baum-Kupka component 
K (£ Sing(J") ; then 

deg(£) < deg(T-). 

Corollary 1.3. Let ^ := {T\,T2- I ■ ■ ■ ,Fk) be a flag of reduced foliations on P n 
with dim^j) = dim(.Fj + i) — 1 for j = 1, 2, . . . , k — 1. If Sing^+i) has a Baum- 
Kupka component Kj + i Sing^-) for j = 1, 2, . . . , k — 1 then, 

deg(Ji) < deg(J- 2 ) < ■ ■ ■ < deg(Jik). 
2 Preliminaries 

We start by recalling some definitions. 

Definition 2.1. Lei M be a connected complex manifold of dimension n and 
0(TM) be its tangent sheaf. A singular holomorphic distribution T> on M , of 
dimension r, is a coherent subsheafV of 0(TM) of rank r. In case V is involutive 
(or integrable) we have a singular holomorphic foliation on M, of dimension r. 
Integrable means that, for each p G M, the stalk V p is closed under the Lie bracket 
operation, [D p ,T> p ] C V p . 

In the above, the rank of V is the rank of its locally free part. Since 0(TM) is 
locally free, the coherence of T> simply means that it is locally finitely generated. 
We call V the tangent sheaf 'of the distribution and the quotient, Mv = 0(TM)/V, 
its normal sheaf. 

The singular set of T> is defined by 

S(V) = {p G M : (Nv) P is not a free O p - module}. 

In case we have a foliation we will use the notation J 7 , for the foliation, and 
J- for its tangent sheaf. On M \ S(J-) there is a unique (up to isomorphism) 
holomorphic vector subbundle E of the restriction TM\ M \s(^, whose sheaf of 
germs of holomorphic sections, E, satisfies E = T\ m\S{T)- Clearly r = rank of E. 
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We will assume that T> is full (or saturated) which means: let U be an open 
subset of M and a a holomorphic section of 0(TM)ijj such that a p G T> p for all 
p G U fl (M \ S(T>)). Then we have that for all p G U , a p G In this case the 
distribution (or foliation, if this is the case) V is said to be reduced. 

An equivalent formulation of full is as follows: let Q, 1 = 0(T*M) be the 
cotangent sheaf of M. Set V° = {co G ft 1 : i 7 w = V 7 G and = {7 G 
0(TM) : i 7 w = 0Vu£ X>°}, where i is the contraction. V is full if X> = 
Note that integr ability of T> implies integrability of T>°°. 

Singular distributions and foliations can dually be defined in terms of the 
cotangent sheaf. Thus a singular distribution of cor&nk q, Q, is a coherent subsheaf 
Q of rank q of Q 1 . Q is called the conormal sheaf of the distribution T>. Its 
annihilator 

V = Q° = { 7 G 0{TM) : i^uj = for all u G } 

is a singular distribution of rank r = n — q. The singular set of Q, Sing(ty), is the 
set Sing(0 1 /t?). See T. Suwa [10J for the relation between these two definitions. 

We remark that, if a foliation T is reduced then codimS , (J 7 ) > 2 and recipro- 
cally, provided T is locally free (see [10J). This is a useful concept since it avoids 
the appearance of "fake" (or "removable") singularities. 

Definition 2.2. LetVj 1 ,T>j 2 , . . . ,T>j m be holomorphic distributions (foliations) on 
a connected complex manifold M n . They form a flag provided 

(i) 1 < ji < ji < • • • < jm < n = dimM and dimP^ = j{. 

(ii) T>j i is a subsheaf ofDj i+1 . Here, T>j r is the tangent sheaf ofT>j r . 

Remark 1. For foliations, outside Singp^JUSing^;,), ji < j r , we have T p Fj i C 
T p Tj r , so that the leaves of T p Tj r are foliated by the leaves of T p Fj i . By a result 
of J. Yoshizaki OT)/ (see also R. Mol \8$) the singular set Sing(J-} r ) * s invariant 
by Tj i whenever ji < j r . 

As for the structure of the singular set of a foliation of dimension r we have the 
following result of P.Baum p], in the version due to J.B.Carrell [2] in the review 
of p] (this result also appears in [3]): 

Theorem 2.3. Letp be a smooth point o/Sing(J 7 ) with dimT p Sing(J r ) = dim J-{p) = 
r — 1, where J-(p) = {v(p) \ v G iF p }. Then there exists a neighborhood U p C M 
of p and a holomorphic submersion f : U p — > C n ~ r+ , f(p) = 0, such that 
/ _1 (0) = U p fl Sing(J 7 ) and such that F\u = where £ is the sheaf on 

f(U p ) generated by a holomorphic vector field X on f(U p ) with its only zero at 0. 

It follows that the foliation J 7 is, in U p , the pull-back via / of the foliation J- 
induced by X in f(U p ) and, hence, we have a local product structure. We call 
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such singularities of Baum-Kupka type in view of a prior result of I. Kupka [7] 
for codimension one holomorphic foliations which states that, if J- is given by the 
integrable one- form uj and p is a point such that = and duj(p) ^ then, 
in a neighborhood of p, J- is the pull-back via a submersion of a one-dimensional 
foliation defined around E C 2 and with an isolated singularity at 0. 

2.1 The case of P n 

Definition 2.4. Let V be a codimension n — k distribution on P n given by to € 
H°(F n ,Qp~ k <S> C). If i : P n ~ fc — > P n is a general linear immersion then i*u € 
jjOQpn-^ Op~_j. (g)£) is a section of a line bundle, and its zero divisor reflects the 
tangencies between V and i(P n ~ k ). The degree ofV is the degree of such tangency 
divisor. It is noted deg(P). 

Set d := deg(X>). Since £l^~ k k ® C = O pn -k (deg(£) — n + k — 1), one concludes 
that C = Opn (d + n — k + 1). Besides, the Euler sequence implies that a section cj 
of f2p n (d + n — fc + 1) can be thought as a polynomial (n — /c)-form on C n+1 with 
homogeneous coefficients of degree d+ 1, which we will still denote by w, satisfying 

i,jaj = (1) 

where d = xq-^ + • • • + x n -^r is the radial vector field and i$ means contraction 
by i?. Thus the study of distributions of degree d on P n reduces to the study 
of locally decomposable homogeneous (n — fc)-forms on C™ +1 , of degree d + 1, 
satisfying relation (P). 

Let T> be the tangent sheaf of V. If the singular set of T> has codimension at 
least two we obtain the adjunction formula 

K F n = det(V) det(Nv). 

Since det(A/J) = Opn(-d — n + k — 1) and Kfn = Opn(-n - 1), then det(P) = 

¥ n(k-d). 

We close with a definition. This is motivated by the fact that the singular set 
of a codimension one foliation on P n has at least a codimension two irreducible 
component. 

Definition 2.5. Let J 7 be a foliation on ¥ n , n > 3, of codimension n — k. An an- 
alytic subset K C Sing(J r ), of codimension n — k + 1, is a Baum-Kupka component 
if K is an irreducible component of Sing(J r ) whose points are all singularities of 
Baum-Kupka type. 

3 Proofs 



3.1 Proof of Theorem UTT1 

To prove (i) we use some arguments due to E. Esteves ([3], Theorem 7). 
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Let uj = J21=o Aidzi be the reduced homogeneous polynomial 1-form inducing 
Q. Since Sing(£?) is isolated, the homogeneous ideal X = {Aq, Ai, . . . , A n } has 
depth equal to n, which gives H 1 (K(Aq, A\, . . . , A n )) = 0, for all i < n — 1, where 
H*(K(Aq, Ai, . . . , An)) is the cohomology of the Koszul complex of the sequence 
Aq, Ai, . . . , A n . It follows that the module of relations {(Po, ■ ■ ■ , P n ) \ PqAq + • • • + 
P n A n = 0} is generated by the trivial ones 

Aje,- — AjCi , forO < i, j < n. 

Now, let X = Y27=oQi^ ^ e a homogeneous vector field inducing J 7 and write 
S = C[zq, . . . , z n ]. Consider the maps 

9 : a 2 S n+1 — > S n+1 
f\ Gj i y -^-% ^ j 

and 

* : S n+l — > S 



(P , . . . ,P n ) ■— > P ^0 + ' ' ' + 

We have ifer^) = Jm(G) and, since w(X) = QoA) + ' • ■ + QnA n = 0, we conclude 
X G im(G) = jl^o^ijXn^^^ ~ Ajei);Rij G C[z , • • • , vlj- Hence X is of 
the form 

X= RijiAiej - Ajei). 

0<i,j<n 

As 1 ^ we have Rij ^ for some i,j. Then deg(J r ) = deg(X) = deg(Rij) + 
deg(Aj) = deg(Rij) + deg(£) + 1, which gives deg(J") - 1 > deg(£). 

To prove (ii) we proceed as follows: let dV = dzo A • • • A dz n and X\, . . . , Xk be 
homogeneous vector fields such that TT = ® TJ r x l • Thus, deg(J r ) = Yli=i deg(Xj) 

n 

Consider the (n — A:)-form ix 1 ■ ■ ■ ix k "i$dV, where i? = z% is the radial vector 

o z% 

field and iyrj is the contraction of r\ by Y. Then 

(ijfi ■ ■ ■ ix k HdV) A oj = 0. (2) 
In fact, since ixiW = • • • = = Iqu = 0, we have 

= i, d (dV Aw) = (MV) Awl (-l) n+1 dy A (i^w) = (i*dV) A w 

and 

= ix k [(udV) Aw] = (ix fc MV0 Awl (-l) n (^dy) A (ix k u) = (ix k udV) A w. 

Proceeding inductively we obtain ([2]). Now, codim(Sing(£/)) > n — k + 1 and 
• • • ix k i$dV) A uj = 0. This allow us to invoke Saito's generalization of the de 



INEQUALITIES FOR CHARACTERISTIC NUMBERS OF FLAGS OF DISTRIBUTIONS AND FOLIATIONS 6 



Rham division Lemma [9] and conclude that there exists a homogeneous polyno- 
mial (n — k — l)-form r] on C n+1 such that 



Computing degrees, 



deg(J") + 1 = J2 deg(Xi) + 1 = deg(i Xl • • • i Xk i#dZ) 



i=l 



= deg(w A rj) = deg(w) + deg(r/) = deg(<5) + 1 + deg(?y) 

and thus deg(^) < deg(.F). 

Now suppose k = 1, which tells us that Sing(ty) is isolated. In this case we 
have ixifidV = oj A r) and, if Sing(J r ) is nonisolated, then 77 is necessarily not 
constant and we obtain the bound given in (i). □ 



of degree k, has as singular 
(fc + l) n+1 - (-l) w+1 
k + 2 



Example 3.1. A codimension one distribution. 

A generic codimension one distribution on I 
locus a zero dimensional smooth algebraic variety of degree 

(see % Th. 2.3, pg. 87). 

Here we show that the bound given in Theorem ll.il (i) is sharp. This example 
can easily be generalized to any dimension, but we will give it in P 3 . Consider the 
antisymmetric matrix 



M 



( 











4 


\ 










4 


4 









-4 










\ 


—z\ 


-4 








/ 



and let oj be the 1-form oj = ^ A{ dzi where 

o 



f A \ 

A! 

A 2 



M 



( zo \ 

Z2 
\ ^ J 



We have z i = because M is antisymmetric, so oj defines a distribution T> u 
o 

on P 3 . As 



OJ 



dz + (z% +1 + ZqZ 3 ) dzi - z 1 z$ dz 2 + (-Zqz£ - z%z\) dz 3 
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we have deg(P tJ ) = k and Sing(D w ) = {(1 : : : 0), (0 : 1 : : 0)} not counting 
multiplicities. On the other hand, the foliation T on P 3 , of degree k + 1, induced 
by the vector field 

x = Zl 4^ o + M + 4^ + 4 +1 i- 2 + + 

is tangent to V u and deg(2? w ) = deg(J r ) — 1. 
3.2 Proof of Theorem [27T1 

Since -fT is a Baum-Kupka component of Sing(ty) we have := dimX = dim(£/) — 
1 = dim(J-"). We claim that 

n k K = O k (deg(S) - dim (?) - 1). (3) 

To see this, if w € H° (V\ ftp~ dim(e) 0pn(deg(£) + n - dim(£) + 1)) is a (n - 
dim(£/))-form inducing Q, then defines a nowhere vanishing holomorphic 

section of f\ n ~ k v* K ® 0pn(deg((?) + n — dim(£/) + 1W, where vr is the normal 
sheaf of K. In particular, 

n— k n—k 

f\ v K ®Ovn (deg(£) + n - dim(0) + 1) ]K = /\ v* k ®O k (deg(£) + n - dim(£) + 1) 

is trivial and thus f\ n ~ k VK ~ C^(deg(t?) + n — dim(Q) + 1). 
Now, using the adjunction formula 

^pn = Op"(— n — 1) and dim((/) = dim(J r ) + 1 we conclude ©. 

The foliation T induces a map det(T7") — > /\ k TF n , that furnishes a holo- 
morphic global section of 

k k 

f\ T¥ n det(TJ-)* = f\ T¥ n ® C P n (deg(^) - A;), 

because det(TJ")* = Opn(deg(J r ) - fc). 

Since K is invariant by T and -ftT ^ Sing(J r ), we have that J-\k induces a 
nonzero global holomorphic section C, of 

k 

j\TK® det(TJ-)^ = (n k K )* ® K (deg(7-) - k). 

It follows from Cor. 4.5] that (£ = 0) = Sing(J") n .FT ^ and this implies that 
deg ((n k K )* <g> 0^(deg(.F) - k)) > 0. Then, 

deg((0^)) < deg(0^(deg(J-) - k)). 

Using @ we conclude that deg(Q) — k — 1 < deg(J~) — k, i.e, deg(t?) < deg(J"). □ 



INEQUALITIES FOR CHARACTERISTIC NUMBERS OF FLAGS OF DISTRIBUTIONS AND FOLIATIONS 8 



Example 3.2. A complete flag of foliations. 

This is an example of a complete flag of foliations to which Theorem 12.11 (ii) 
applies. Let / : C 2n — > C be a polynomial function of degree k, write / = 
fk + fk-l + " " " + /l) its decomposition into homogeneous polynomials, and assume 
that / has only one critical point at G C. Further, suppose (/& = 0) C P 2n_1 is 
a smooth algebraic variety. The derivative of / is represented by 

f'(z) = (dtfiz), d 2 f(z),d 3 f(z),d i f(z), . . . , d 2n ^f(z), d 2n f(z)), 

where dif(z) = §^-(z). From /' we can produce 2n — 1 hamiltonian vector fields 
Hi given by 

Hi = (-d 2 f(z),d 1 f(z),-d 4 f(z),d 3 f(z),...,-d 2 nf(z),d 2n . 1 f(z)) 
h 2 = (-d 3 f(z), d 4 f(z), -d 1 f(z),d 2 f(z), -d 2n f(z),d 2n -if(z)) 

H 3 = (-d 4 f(z), d 3 f(z), -d 2 f(z),d l f(z), . . . , -d 2n f{z),d 2n . 1 f{z)) 

H 2n -i = {-d 2n f{z), d 2n -if(z), -d 2 f{z), d 1 f(z)) 
which correspond to solutions of 

x&fc) + x 2 d 2 f(z) + ■■■ + x 2n ^d 2n ^f(z) + x 2n d 2n f(z) = o. 

Each Hi is tangent to the levels / = c, c € C, and they satisfy [Hi,Hj] = 0, 
1 < i,j < 2n - 1. Let F(z ,z) = f k {z) + Zo/fc-i^) + ■ ■ ■ + 4^fi( z ) be the 
homogenized of / and consider the reduced codimension one foliation Q on P 2n , 
of degree k — 1, defined by 

u = z dF - kFdzQ. (4) 

Q leaves invariant the levels / = c and the hyperplane at infinity (zq = 0) = 
p2n-i c p2n_ Moreover, Sing(^) has a Baum-Kupka component K = {fk = 0} C 

p2n— 1 

On the other hand, the vector fields Hi induce a flag & of reduced foliations 
of degree k — 1, all leaving invariant the levels / = c and the hyperplane at 
infinity (zq = 0) as follows: Tj is defined by {H±, ... ,Hj}, dim Tj = j and & = 
(J 7 !, J-2, . . . , T 2n - 2y T 2n -\ = Q). Also, Sing(J^-+i) has a Baum-Kupka component 
Kj+i C K with K j+1 £ Sing^) for j = 1, 2, . . . , 2n - 2. 
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of this paper. The second named author is grateful to the University of Valladolid for hospitality. 
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